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Answer all questions, each question is worth 10 marks

1. If (a,) and (b,) converge, prove that:
i)(an £ by), (ca,) and (a,b,) converge for any constant ¢ and
ii)(ay,) is bounded.

2. (a) Let f:R — R be a function. Prove that f is continuous at z € R if and
only if lim f(x,) = f(x) for any sequence x, — x.

(b) If f:I — R is continuous and z,y € I with s lying between f(z) and f(y),
prove that there is a ¢ between x and y such that f(t) = s.

3. Let f:(a,b) — R be a uniformly continuous function. Then prove the following:
(a)lim,_,, f(z) exists,
(b) there is a continuous function F":[a,b] — R such that F' = f on (a,b).
(c) f is bounded.

4. (a) Let f,¢9:R — R be functions such that f'(x), ¢ (z) exist with ¢’(x) # 0 and
)

f(z) =0 = g(z) for some = € R. Prove that lim;,, f(¢)/g(t) = g:éi)

(b) Let f:R — R be a differentiable function. Prove that f is convex if and
only if f’ is increasing.

5. Let f:R — R be a differentiable function.

(a) If f'(t) # 1 for all t € R, prove that there is at most one = € R such that
f(z) ==
(b) If sup,cr | f/(t)| < 1, prove that f has a unique x € R such that f(z) = «.



